In a recent note, we proved a Fuglede-Putnam commutativity theorem modulo the Hilbert-Schmidt class for almost normal operators with finite modulus of C 2 -quasitriangularity. It is natural to ask whether the same hypothesis, that is, almost normal operators with finite modulus of C 2 -quasitriangularity, or the stronger hypothesis that almost normal operators with finite modulus of C 1 -quasitriangularity, satisfy a FulgledePutnam theorem modulo the trace-class. We give provide a negative answer to this question.
and C 2 (H) the trace class and the Hilbert-Schmidt class, respectively. For arbitrary operators S, T ∈ L(H), [S, T ] will denote the commutator ST − T S and D S will denote self-commutator of S, that is [S * , S]. An operator T ∈ L(H) for which D T ∈ C 1 (H) is called almost normal. We will denote the class of almost normal operators on H by AN (H).
The classical Fuglede-Putnam theorem states if M, N ∈ L(H) are normal operators and X ∈ L(H) is such that M X = XN, then M * X = XN * . G. Weiss (see [6, 7] ) extended this result by proving that if M, N ∈ L(H) are normal operators and X ∈ L(H) satisfies M X − XN ∈ C 2 (H), then M * X − XN * ∈ C 2 (H) and
When S, T satisfy this property, we write (S, T ) ∈ F P J (H). If S = T, we simply say that S satisfies Fuglege-Putnam theorem modulo J and write S ∈ F P J (H).
The most natural norm ideals with respect to which one wants to study first the validity of a Fuglede-Putnam theorem are the Hilbert-Schmidt class and the trace-class.
In [1] , we studied this problem for almost normal operators relative to the Hilbert-Schmidt class and provided a sufficient condition when such a result holds.
Let P(H) (or simply P) denote the set of all finite rank orthogonal projections on H. Recall (see [2, 3] ) that the modulus of J -quasitriangularity of an operator T ∈ L(H) is
where lim inf is taken with respect to the natural order on P. In the case that J = C p , p ≥ 1, the modulus of C p -quasitriangularity will be denoted by q p (·).
It is known from [4] that if m(T ) denotes the rational cyclicity of T, then
that is, operators of finite rational cyclicity have finite modulus of C p -quasitriangularity for any p ≥ 1. According to [5] , if T ∈ AN (H) and q 2 (T ) < ∞, then q 2 (T * ) < ∞, and
Furthermore, there exists a sequence P n ∈ P, n ≥ 1, such that P n ↑ I strongly, so that lim n→∞ ||(I − P n )T P n || 2 = q 2 (T ) and lim
The following provides sufficient conditions for almost normal operators to satisfy Fuglede-Putnam theorem modulo Hilbert-Schmidt class.
Theorem 2. ([1]
). Let S, T ∈ AN (H) with q 2 (S) and q 2 (T ) finite. Then (S, T ) ∈ F P C 2 (H). In particular, if S ∈ AN (H) and q 2 (S) < ∞, then (S, S) ∈ F P C 2 (H) and (S, S * ) ∈ F P C 2 (H).
It is natural to ask the following.
Question 3.
(a) If S ∈ AN (H) and q 2 (S) < +∞ (thus q 2 (S * ) < +∞), then S ∈ F P C 1 (H)?
(b) If S ∈ AN (H) and q p (S) < +∞ and q p (S * ) < +∞, p = 2, then S ∈ F P p (H)?
A counterexample.
The purpose of this note is to provide the following counterexample, which proves that the answer to part (a) of the above question is negative, and also provides a partial answer to part (b).
Counterexample 4.
Let H = l 2 (N), and S 0 be the weighted (unilateral) shift
and let X ∈ L(l 2 (N) (2) ) be
A calculation shows that
and thus it is clear that S ∈ AN (l 2 (N) (2) ) if and only if
To calculate q p (S), let
. . , 1, 0, . . . ) with 1 repeated n-times. Clearly P n ∈ P with P n ↑ I, and
and the matrix representation of
with respect to the standard basis of l 2 (N) has all entries equal to zero, except the (n + 1, n) entry which is equal to ( 
